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1 Introduction
Theactivecontrolofflexiblecivilengineering
structures against unexpected disturbances has becomean area
of increasing interest. With the trendtoward taller, longer
and more flexible structures, undesirablevibrational levels
could be reached under large environmentalloads such as
strong wind or earthquakes.
Passive control devices like base isolation'systems,
viscoelastic dampers and tunedmass dampers have been applied
tosomeexistingstructures.However,theyhavesome
limitations.Forexample,thetuned massdampersystem
installed in the Citicorp Center,New York, is tuned to the
first modal frequency of the building, thusreducing only the
first mode vibration [1]. A semi-activetuned mass damper is
suggested to reduce vibrations in tallbuildings by using a
small amount of externalpower to modulate the damping [2]. In
the case of bridges [3], a combined active andpassive control
mechanism is used to control oscillations, withthe passive
controlshiftingthe naturalfrequenciesand the active
control damping the peak amplitude.
Active control systems might be incorporatedinto an
existing structure effectively and withlittle expenditure,
and they may become an integral part infuture structures like
'super-tall' buildings or very long bridges[1].
Anactivestructuralcontrolsystem consistsofa)
sensors to measure either external excitations,or structural
response variables,orboth,b)devicestocomputethe
necessary control forces and c)actuators which produce the
desired forces. When only the structuralresponse variables,2
e.g.,the deflections of a bridge deck,are measured,the
control configuration is referred to as closed-loopcontrol.
Foropen-loop control, control forcesare computed based on
the measured external excitations,e.g., ground motion due to
an earthquake. An open-closed-loop control results when the
information on both the response variables and excitationsare
used [1].
A varietyofcontrolalgorithms based on different
control design criteria have been appliedto different civil
engineering structures. Among themare the classical optimal
linear control or pole assignment techniques.An improvement
over the optimal control, which is not truly optimal because
it neglects the excitation term in thederivation of the
Riccati equation,is the instantaneous optimal controlthat
results from the minimization ofa time-dependent performance
index [4]. Yang and Lin[5], designed an optimal open-loop
controller for building structures excited byan earthquake.
The independent modal space control (IMSC) takesplace in
the modal space. The n-degree-of-freedomstructural system is
decomposed into a set of n decoupled secondorder single-
degree-of-freedomsystemsinthemodalcoordinates.The
control forces are sought in terms of themodal variables.
Since the n second order systemsare much simpler, and because
oftheir independence can be processed inparallel,the
computational effort is significantly reduced.Meirovitch and
Ghosh [6],use optimal control along with IMSC tosuppress
flutter instability of a suspension bridge.
In this thesis, an active control scheme thatutilizes
robustnonlinearcontrolideas [7] isdevelopedand
implemented on an eight-cable-stayed bridgethat is subjected
toaverticalgroundmovementcausedbyasimulated
earthquake. Numerical simulationson a model of the Sitka
Harbor Bridge in Alaska [8], using magnifiedearthquake data
will show the feasibility of the proposedcontrol scheme. The
bridge will be modelled by a simply supportedbeam [11] with3
a spring opposing the transverse displacement atone end to
incorporate support flexibility as shown in Figure1.
Control forces can be exerted through actuators attached
to the suspension cables of the eight-cable-stayed bridge.An
active control system is attached to each cableso that these
suspension cables serve also as active tendons.One sensor is
installed at the anchorage of each suspension cableto sense
the motion of the bridge deck.
w
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Figure 1: Simplified model ofa cable-stayed bridge
X
The vertical ground motion due to the earthquakeis
represented by an acceleration applied to the right endof the
beam
For the purposes of the robust control strategy,the
earthquake can be viewed as an uncertain external disturbance,
of which only the maximum value of its magnitudeis known.
Thus,ourmaingoalistoachieveacertaindesired
performance,namely,stability of the bridge deck in the
presence of uncertain information.4
2 Solution of the Bridge Equation
The flexural displacement w(x,t) of the bridgedeck is
described by the partial differential equationof motion
84w 82, aw EI (x, t) +m (x, t) +cb-aT (x, t) =v(x, t) -my (x) V-sr( t),
ax4 at2
(2.1)
whereE,I,mandcbare,respectively,themodulusof
elasticity, the moment of inertia, themass per unit length
and the damping factor of the bridge. The restoringforce
v(x,t)from the cables depends on both the motionof the
bridge and the control device. It actsas point loadings at
x=a and x=1-a (1=length of bridge) and can be described by
v(x, t) =v1(a, t) 8 (x-a) +v2 (1-a, t) 8 (x-1+a),
v1(a,t)--E°
A
°[w(a,t)sinck+ui(a,t)]sinot,
/a
(2.2)
(2.3)
v2 (1 -a,t)--E°1A°[w(1-a, t)sincb+u2(1-a,t)] sin4), (2.4)
where E0, A0,10 are, respectively, the modulus of elasticity,
the cross-sectional area, and the length ofeach cable, ul and
u2 are the actuator forces,(I) the angle between the cables and
the bridge deck, vg(t) is the earthquake groundmotion applied
to the right end of the beam,and y(x)is the associated
influence function that matches the boundaryconditions of the
bridge model and is mathematically describedbyy(x)=-2-c.
1
(2.5)
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In what follows, equation (2.1)is reduced to a set of
ordinary second order differential equations, from whicha
state model representation is derived.
2.1 The Natural Modes
Let us first calculate the natural modes of the bridge
motion before we discuss the controller design. Theycan be
obtained from the equation of free undamped vibration[10]
EI
4 a ax
(x, t) +m12 Z (x, =0. t2 (2.6)
For free vibration, w(x,t)is a harmonic function of
time, i.e.,
where
and
w(x, t)=13(x) sin (co t+a) (2.7)
13(x) =cicoshax+c2sinhax+c3cosax+c4sinax (2 .8)
MW
2
0-41N1
EI
From the boundary conditions [10],c1 =c3=0, and
Also, from the boundary conditions ofour bridge model
(2.9)sinal c -c .
24 slnha/
EI[c2a3cosha 1c4a3cosa 1] -k[c2sinha 1+ c4sina 1] =0.
(2.10)
6
(2.11)
Substituting (2.10) into (2.11) yields the frequency equation
2k
3
[sina/ coshal- sinhal cosa/] sina/ sinha/=0.
E/a
(2.12)
From the successive roots 61,62,63, .of equation (2.12)
the natural frequencies (01 can be obtained using (2.9), i.e.,
,\1 E/al
w2- ,i=1,2,3,....
Now, to every natural frequency wi corresponds a normal mode
shape, that is,
sine ./
slnhai/ al(x) =c sinhaix+sinaix), (2.13)
where the constant c can be chosen so that the normal modes
satisfy the normalization condition
fi32i(x) dx=i
0
2.2 General Solution of Bridge Model Equation
The general solution to (2.1) is of the form
w(x, t) =E13., (x) ai ( t).
j
(2.14)
(2.15)7
The control displacements u(x,t) can also be expressed in
terms of the normal modes [8], that is,
and
u1(x, t) =Euii ( pi (x) (2.16)
u2(x, t) =Eu2i( t) pi (x) (2.17)
Substituting (2.15) into (2.1), and applying the orthogonality
and normalization conditions [8], gives
et,(t) ( t)+6.) .2« .
.1(0
M1JO
flpiv(x,crx--1-Vg (t)
r0
/piy (x) dx
1
Equations (2.2),(2.3) and (2.4) can be rewritten as
v(x, t) =v1(x, I)+v2(x, t),
v1 (x,t) --
E0 A
[w(x,t) sind)+u1(x, t)I sin4)*8 (x- a), 10
v2 (x
E0 A0[w(x, t)sin4+u2 (XIt)sin4 *8 (x-1+a).
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(2.20)
(2.21)
Substituting (2.15),(2.16) and (2.17) into (2.20) and (2.21),
multiplying both sides by 01(x) and integratingover x from 08
to 1, yields
fo
/ E0A0 13i (x) vi(x, t) dx-- sin, [sintO*131 (a) ai ( t) +13.1 (a) uii ( t) I, /0
(2.22)
folpi (x)v2(x,t) dx --
E0A0
sink [sin,*(31 (/ -a) ai ( t)+02i (/-a)u2i ( t) 1,
(2.23)
and
f:
p
i
(x) v(x,t)dx=folpi(x) vi. (x, t) dx+ r ipi(x)v2(x,t) dx.
Jo
(2.24)
Finally, substituting (2.22), (2.23), and (2.24) into (2.18),
results in
where
Ili ( t) +;.-eci (t) +02ja1 ( t) =Cijuii+C2iu21+_rig( t),
6,=4+EclA1°sin24 [32(a)432 (1-a) I,
m1A0sin4
0
C21 --
E0A°
sin4)152i(1-a),
mllo
(2.25)
(2.26)
(2.27)
(2.28)ii.-÷z-L-iy(x) pi (x)*9.( t)dx.
9
(2.29)
Equation (2.25) shows that every mode i can be represented by
an ordinary second order differential equation. Based on this
set of equations we will derive a state model representation
and its corresponding control law.3 The Controller
3.1 The State Model
10
We will now investigate if the vertical deformation of
the bridge induced by the inertial forces due toa simulated
earthquake can be controlled using robust control techniques.
Let the state variables for a state model representation of
the set of differential equations given by (2.25) be
x .=a( t)
x21a.1=(t) .
Then
ki(t)=Aixi(t)+Biui(t)+Cii-9,(t),
where for all i,i=1,2,3,...,
xi( t) = x2i (t)JT,
[I.111(t)1.121(t)3T,
and the matrices A B1, and C, are given by
Ai =
0 1
pt 2 Cb
I 0 0 [01
Bi Cii C2i
1
CiLI j.
(3.1)
(3.2)
Theproblem withthismodelisthatsomeofthe
components of the matrices A Biand C, are dependent on
physical quantities associated with mode i. Thismeans that
every mode would need a different controller. By viewing these
dependent parameters as uncertainties we will tryto lump them
together with the earthquake excitation.
Let us separate matrix A, into a matrix dependingon the
mode i and a matrix that is independent of mode i,i.e.,11
0 1
0 0
Ai=A+111= +[ I (3.3)
o'
where
i=c6.1-a2 (3.4) W 1
This allows us to write (3.2) as
ii( t) =Axi(t) +B (pi ( t) +e (x, t) ), (3.5)
where
0 1
A =
17.4
m
[0 0
Pi(t) =
e (x, t)=[ 2
( t)C2iU21 ( t)
0
( t) P.gt)
Tr
(3.6)
The vector e(x,t) is called the lumped uncertain element.It
contains all uncertainties, thus making the system matricesA
and B independent of mode i. This will enableus to find one
control law which governs all modes i.12
3.2 The Control Law
Our objective is to design a state feedback control law
that guarantees stability of the bridge deck and controls the
response to within a desired bound. Hence, our problem is to
design a controller that gives a certain performance inthe
presenceofuncertaininformation,namely,theunknown
earthquake acceleration.In sofar as the control law is
concerned,only the possible size of the vertical ground
motion due to the earthquake is assumed to be known, i.e.we
design the controller to guarantee desired performancefor an
earthquake of a certain maximum magnitude.
We propose a controller based on the theory developed by
Corless and Leitmann [7]. We will also show through numerical
simulations that the resulting controller has the desired
properties.
3.2.1 Controller Derivation
For system (3.5) there exists a state feedback control
which is continuous in the state and guarantees thatevery
response of the system is uniformly ultimately bounded within
a neighborhood of the zero state [7], provided that
(i)the norm of the uncertain element e(x,t) is bounded bya
known function; that is, for all (x,t)
Ile (x,(x, t)
(ii)the uncontrolled system without uncertainty is Lyapunov
stable with respect to the zero state,i.e. there exists a
Lyapunov function V(x) for the uncontrolled nominal systemki(t) = A xi( t) .
Then the proposed controller is of the form
where
p(x, t) =
g (x, t)
p (x,t),otherwise
g (x, t)
11(x,t)lp(x, t),ifII g (x, Oil>e
13
(3.7)
(x,=B7(x,t)V17(x,t) p (x, t) (3.8)
and c is an arbitrary positive real number.A control of the
type(3.7)will guarantee ultimate boundedness(see[7])
within an arbitrarily small neighborhood of thezero state (by
letting e -4 0) .
3.2.2 Bound of e(x,t)
Recall that the lumped uncertain element is given by
(3.6), i.e.,
where
e(x,t) =
{e2(x0,01'
e2(x, t)= t)+ 1-IT:g(t) ,i=1, 2, 3,...
The bound of e(x,t) is therefore found as follows:pe(x,011 s max lel',
(x,
= max (02i) ( + max (ii) max (vg(t) ),
°rrlax2I Xlit) I+ Irrtaxgrnaxi
= p(x,t).
In other words, the function p(x,t) is given by
p (x, t)= ( t)1 + immP.omix,
where
02 =max(01)=max(652i-C),
/=max (Ii) ,
I r
g 7 7 1=max(vg( t) ). 8X
14
(3.9)
which depends on:(a) the number of controlled modes and (b)
the maximum possible magnitude of the earthquake.
3.2.3 Lyapunov Function
Because the uncontrolled and unexcited part of the system
(3.5) is linear and time-invariant, i.e.,
( t) =Axi(t) =
0 1
Cb
w 1
x ( t) 1 (3.10)
we will consider a quadratic form of the Lyapunov function{P12P221
PIA Pn
V(x) =x TPx,P=
15
(3.11)
where P is a symmetric, positive definite matrix. Then the
time derivative of the Lyapunov function
dt
dV(x) =x7. (A TP+PA) x
is negative definite, i.e.,
or
dV(x)
dt
A TP+PA=-Q,
(3.12)
(3.13)
where Q is a symmetric, positive definite matrix. Considera
matrix Q of the following form:
Solving
Let us
(3.13)
choose
for P
q11=2112
Q=
(assuming
P12
P2222
P =11
and
qn
0
gr.2.2
that
-1-17222
then
>0. (3.14)
cb>0), yields
2d122
6521
In
b
12
c22=1,
P12=1,
= P22222 cband
Furthermore,
and
P=
P11 w 1 m2cb
f2=
{245101
01
Cb+3 m2
m2cb
1
1
1
3 m
2 cb
Because Q and P are positive definite, then
and
q11=2a>0,
101=2,55>0,
Cbm
1
2
P11 = >0,
MCb
IPI=
3
2
.9
4
m A->0. .11
Cb
. ts,
16
(3.15)
(3.16)
Thus the Lyapunov function is given by (3.11) with Pas in eq.
(3.16).
Expressing (3.8) explicitly, i.e.,
p(x,t)-- BT(x, t) N717(x, t) p (x, t),
10 1I2P11x1i+2P3.2x2i
0 12/312x1i+2P22X2i
1
= 2 (P12xii+P22x2i)P (x, t)1
(3.17)yields our proposed controller
pi (x,t
17
IP3.212Xxiili
+P22x2i2X211
0Ix( t)I +1,frcra)[31iflip t)II>E P÷P22
P12x1i+P22x2iO
2
rrax t) I +i
'flax
1
) 2Iotherwise
°flax
(3.18)4 Simulation
4.1 Numerical Values
18
To test the performance of the proposed controller,we
apply it to a model of a real eight-cable-stayed bridge, the
Sitka Harbor Bridge, Alaska, whose propertiesare:
mass per unit length
modulus of elasticity of bridge (steel)
moment of inertia
length of bridge
position of cables
m =6.859
E=2.07
I=3.11
1=137.2
a=1/3
x 10' kg/m
x 1011 N/m2
m4
m
length of cable 10 = 106.3 m
modulus of elasticity of cable E0 = 1.568 x 1011 N/m2
cross-section of bridge A0= 1.045 x 10-2 m 2
damping factor cb = 698 kg/ms
angle between deck and cable 0 = 0.358 pi
spring constant (dense sand) k = 1.695 x 10' N/m
For the simulated vertical ground motionwe use actual
earthquake data,scaled by a factor of5to elucidate the
controller performance (El Centro,May18,1940,SOOE:
vmax=3.4m/s2,S90w: v,x=2.1 m/s2 ), whose accelerogram is shown
in Figure 2.
Tr Id
Figure 2: Vertical ground motion19
The natural mode shapes for this bridge can be calculated
from the frequency equation (2.12). Let us for the moment
assume that k=00, so that (2.17) simplifies to
sina/ sinha/=0, (4.1)
which has the solutions
01/ = in. (4.2)
With (4.2) the normal mode shape (2.19) becomes
ai(x) =c sin inx (4.3)
If the assumption that k=00 is removed and the spring
constant for dense sand is used,the frequency condition
(2.17) yields the approximate first three roots
011=3.14136,
a21=6.28136,
031=9.41860,
(4.4)
which differ by less than 0.1 per cent from the k=00case. Thus
in our simulation we will assume that k=oo.
Again, in order to satisfy the normalization condition,
the constant c is chosen so that (2.14) holds. To do this,
Pi (x)=if sin
ilt/ x (4.5)
The first four natural mode shapes are shown in Figure 3.
Their numerical values are: w1=5.083 rad/s, 0)2=20.33 rad/s,
co3=45.75 rad/s, and 0)4=81.33 rad/s.1.5
0.5
2
1
-1
mode i=1
-20
0.5
mode i=3
0.5 1
Figure 3: Natural mode shapes i=1..4
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Table 1 gives a summary of all values associated with each
natural mode needed for the simulation.
i Pi (a) 13i (1 -a) (1312 Ii C1,2i
1 1.221 1.221 65.63 0.318 -22.2
2 1.221 -1.221 453.1 -0.159 -22.2
3 0 0 2093 0.106 0
4 -1.221 1.221 6655 -0.080 -22.2
Table 1: Numerical values for modes i=1..421
4.2 Simulation Results
The response of the uncontrolled simulated bridge due to
the vertical ground acceleration is given in Figures 4 and 5.
Figure 4shows the individual contributions to the total
deflection of the bridge deck at midspan due to modes 1, 2, 3,
and 4. Figure 5 shows the composite deflection at midspan due
to modes 1,2,3, and 4.
As can be readily seen,the total bridge vibration is
dominated by the first mode. Even the second mode has onlyone
tenth of the maximal deflection of the first mode. The maximal
deflection decreases rapidly with the higher modes. Table 2
shows the maximal deflection w,ax of each mode at x=1/2 and
relates it to the deflection of mode i=1.
1 Wimax Wimax /Wimax
1 0.3m 1
2 0.03m 0.1
3 0.007m 0.02
4 0.003m 0.01
Table 2: Uncontrolled modes deflection
In order to stabilize the bridge it seems reasonable to
only control the first two modes, higher modes are negligible.
Notice here, that mode i=3 could not be controlledanyway,
since its nodes coincide with the location ofthe cable
attachment points.
Thus the goal is to apply the derived control lawto
modes i=1 and i=2 in order to reduce their contributionto the
overall response to the level of contribution of mode i=3.
Therefore, no mode would significantly dominate thereponse.22
Controlling the first two modes only, the parameters for
the controller (3.18) become
a2ax = 6q-0=(453 .1-65.63)= 387.5
max(I1, 12)=-Ti.= 0.318
P12= 1
P22= 14.74
(4.6)
Figure 6 shows the contribution to the resulting deflection
from modes i=1 and i=2.The maximum deflection at x=1/2 for
the controlled modes 1=1 and i=2 is about 0.007m and 0.004m,
respectively, which isless than the contribution to the
midspan deflection for mode i=3. The midspan deflection of the
controlled bridge deck is shown in Figure 7.It is noticed
thatthepreviouslydominantlowfrequencieshave been
successfullysuppressedbythecontrolstrategy.The
deflection in the middle of the bridge is less than 0.012m,
which is only3per cent of the uncontrolled response. A
comparison between uncontrolled and controlled responses using
the same axis scaling isshown in Figures8and9.The
performance of the controller is clearly demostrated. Figure
10 shows the actuator displacement at x=a and x=1-a. The
control effort is surprisingly small, with a maximum stroke of
less then 0.7m at the tendon near the earthquake excitation
and less than 0.25m at the other tendon.0.4
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4.3 Failure Analysis
The function of an active control system like theone
proposed is to attempt to stabilize the bridge which, without
it,would not be able to survive during an earthquake.
Reliabilityofthesystem and performance during system
failure becomes an important issue.
Since the control mechanism is only used to counter large
earthquake forces, it is likely to be activated infrequently.
Regularmaintenance isnecessary toensureproper
functionality at all times. During an earthquake the system is
required to compensate for sudden strong external forces,
putting high loads on the control mechanism itself. This might
lead to failure of sensors or actuators.Furthermore,an
active control relies onexternalpower sources.
Unfortunately, the power system and wires are most vulnerable
at the moment when they are needed most.
The active control is relied upon toensure safety of the
structure. It is important to minimize the possibility ofa
complete failure of the system, which in this context could be
synonymous with 'catastrophe'.
The proposed activecontrolschemeconsistsoftwo
independent control systems, one at each cableso that these
suspension cables serve as active tendons. In this section,we
will examine the performance of the scheme ifone of the two
systems fails to exert control forces to the bridge deck. We
will consider the case that both systems work properlyat the
beginning of the earthquake and that one system fails dueto
heavy loads on the tendons during the earthquake. Thisseems
to be the most common source offailure,assuming proper
maintenance and undamaged support utility systems. Figure 10
shows that the actuator at x=1-a, which will be referredto as
actuator 2, is exposed to much higher loads than actuator 1 at
x =a. While the maximum change of length of actuator 1 is less28
than 0.25 m, the control system requires actuator 2 to change
the tendon length for as much as 0.60 m within tenths ofa
second. Thus a failure is more likely to happen at actuator 2
thanatactuator1.Figure10suggeststhatwiththis
particular earthquake data the first high loadon actuator 2
occurs at about t=2s,which we will assume leads to its
failure for the remainder of the earthquake.
Figure 11 shows the deflection of the bridge deckat
midspan with the failure of actuator 2 at t=2s. Immediately
after the failure the deflection reaches its maximum valueof
-0.02m, but later actuator 1 is capable of compensating for
the failing system surprisingly well. Although the maximum
deflectionofthebridgedeckincreasesslightly,the
simulation shows that despite partial failure of thecontrol
scheme the bridge can still be stabilizedvery satisfactorily.
Figure 12 shows the actuator displacements. At t=2s,when
actuator 2 fails, actuator 1 reaches its peak value of -0.4m
in order to compensate for the change. Assuming thatactuator
1 survives that high load, it is able to stabilize thedeck
with little effort for the remainder of the earthquake.Of
course, if both actuators fail, the bridge is not controlled
anymore and might eventually collapse.
This simulation of a common type of failureshows that
the proposed control scheme performsvery well, even if parts
of the control system fail. This isvery important to enhance
reliability ofthe active control mechanism. Addingmore
active tendons to the bridgecan increase safety of the
structure and distribute the additional loads more equally in
case one or more actuators fail. Thus the proposed control
scheme seems well suited if the problem of reliability is
addressed.0.015
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Figure 11: Deflection at x=1/2 (failure at t=2s)
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Figure 12: Actuator displacements (failure at t=2s)
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5 Finite Element Dynamic Analysis of
Bridge Model
In this chapter the method of finite elements is used to
discretize the bridge structure for dynamic analysis. The
basicconceptistodivideastructurecontinuuminto
subregions having simpler geometries than the originalone.
Each subregion (or finite element) is of finite size and has
a number of key points,called nodes,that describe the
behaviour of the element.By making the displacements or
stresses at any point in an element dependent on those at the
nodes, a finite number of differential equations is sufficient
to describe the motion of the bridge structure.
Asbeforethe bridge willbe modeled byasimply
supported beam.Thecontinuos beamisdividedintotwo
flexural finite elements. Figure 13 shows the bridge model
discretized by finite elements,with dots indicating the
nodes.
/ d
2
Figure 13: Discretized bridge model
x
In what follows a brief review of the general theory of
finite elements using the principle of virtual work willbe
given and this method will then be applied toour particular
bridge structure.31
5.1 Equations of Motion for Finite Elements
Here we will introduce some definitions and notations and
then derive the equations of motion for finite elements based
on the principle of virtual work.
Consider a three-dimensional finite element in Cartesian
coordinatesx,yandz.Letthetime-varyinggeneric
displacementsu(t)atany pointwithintheelementbe
expressed as
u( t) =[u (5.1)
whereu,vand w aretranslationsinthex,y andz
directions,respectively. Time-varying body forcesmay be
represented by a vector b(t) with
b(t)--lbx by bAr (5.2)
where b, by and bz stand for the components of the force in
the reference direction. All time-varying nodal displacements
are placed in a vector q(t),
q( t) qq1 ( t)q2(t) qn(tnT, 1=1..n (5.3)
wherenequalsthenumberofelementnodes.Thenodal
displacements qi(t) can contain translations in thex, y and
z directions as well as small rotations and curvatures for
node i. Similarly, time-varying nodal actions suchas forces
and moments are expressed by a vector p(t),
p(t)=[p1(t) p2(t) pn(t)]T, (5.4)
in which pi(t)contains all nodal actions at node i.Now
assume certain diplacement shape functions f that make the
generic displacements u(t) at any point completelydependent
on the nodal displacements q(t), as follows:32
u( t) =f q( t). (5.5)
Here f is a rectangular matrix that relates u(t) to q(t).
Differentiation of the generic displacements u(t) gives the
strain-displacement relationship
E(t)=d u(t) (5.6)
where e(t) is the strain vector and d a linear differential
operator. Substitution of (5.5) into (5.6) yields
E(t)=B q(t), (5.7)
whereB=df.Similarly,wecanfindastress-strain
relationship
a ( t)=E e(t), (5.8)
where matrix E relates stresses in a(t) to strains in e(t).
Substituting (5.7) into (5.8) produces
a (t) =EB q(t) . (5.9)
Let us now state the principle of virtual work:
Virtual Work Principle: If a general structure in dynamic
equilibrium is subjected to small virtual displacements, the
virtual work of external actions 8Nre is equal to the virtual
strain energy of internal stresses &le:
bLIG=8We. (5.10)
For the internal virtual stress we assume a vector 5q of small
virtual displacements,
8q={8q1 8q2...bgnjT,i=1. .n . (5.11)
Equation (5.5)yieldstheresultingvirtualgeneric
displacements and the strain-displacement relationship(5.7)
becomesbu=f bq
e=B 8 q.
33
(5.12a)
(5.12b)
Integration overthe volume ofthe elements yieldsthe
internal virtual strain energy
8 Ue=fvbeTa (t)dV (5.13)
For the external virtual work we add the external virtual work
of nodal and distributed body forces as follows:
8W.---8qTp(t) + f ourb(t) dV- f 8urpadV (5.14)
where b(t)dV is an applied body force, pudV an inertial body
force due to an acceleration u and p the mass density of the
material. According to the principle of virtual work,the
equality of equations (5.13.) and (5.14) holds:
be%(t) dV=8qTp(t) + fvbuTb(t)dV- f buTpudV. (5.15)
After some manipulations we obtain the equations of motion for
finite elements
where
Mq +Kq =p(t)pb(t)
K= f B 7E5 dV
is called the element stiffness matrix,
M=f
vpfTfdv
is the consistent mass matrix, and
(5.16)
(5.17)
(5.18)34
ph(t)417b(t) dV (5.19)
is the equivalent nodal loads vector.
5.2 Finite Element Method Applied to Bridge Model
We will now derive the equation of motion for the bridge
model using finite elements. As seen in figure 13, the bridge,
modeled by a simply supported beam, is divided into two finite
elements.
5.2.1 One Element Beam
Let us first consider a single flexural beam elementas
shown in figure 14.
Figure 14: One beam element
2
02
The single generic displacement u(t)=v corresponds toa single
body force b(t)=by in y direction. The two nodal displacements
vl and 01 at node 1 are a translation in y direction and a
small rotation around the z-axis, respectively. Similarly,v2
and02represent translation and rotation at node2.Thevector of nodal displacements becomes
where
q( t)=[qlq2 q3(14] r= [vi elv2 02]T,
dv A = 2dx
35
(5.20)
Corresponding nodal actions at nodes 1 and 2 are forces in the
y direction and moments around the z-axis, such that
t) 1P1p2 p3 P41T={13y1 Mz/ Py2 Mz217 (5.21)
Thedisplacementshapefunctionsthatrelatethenodal
displacements q(t) to generic displacements u(t)are assumed
to be cubic polonomials of the form
f= [flf2 t'3f4],
=[2x3-3x2L+L3 x3L-2x2L2+xL3-2x3+3x2Lx3L-x2L2]
L3
(5.22)
For a flexural beam the linear differential operator in the
strain-displacement relationship (5.6) is
d2 d= -y .
dx2
(5.22b)
From (5.17) we can now calculate the element stiffness matrix
for one element
2E1
63L-63L
3L 2L2 -3L L2
-6 -3L6-3L
3L L2-3L 2L2
(5.23)
L3
with the moment of inertia (second moment of area)
I=1..y2dA. (5.24)
A
Bysubstitutingffrom equation(5.22)into(5.18)and36
integrating we obtain the consistent mass matrix
mL
156
22L
54
-13L
22L
4L2
13L
-3L2
54
13L
156
-22L
-13L
-3L2
-22L
4L2
(5.25)
420
where m=pA the mass per unit length.
5.2.2 Two Element Beam
We will now assemble a two element beam as shown in
figure 15. The beam is separated at node 2,but of course
nodal displacementsatthis node are thesamefor both
elements.
z
tVi V2 V2
1 2 2
,,y/ olfre/
/ e,
02 82
Figure 15: Two beam elements
The nodal displacement vector becomes
q(t) = [v1 81 v2 82 v3 83]T
and the nodal actions may be expressed by
P( t)= [Py1 Mz1 Py2 Mz2 Py3 Mz3]
V3
(5.26)
(5.27)
The stiffness and mass matrices and the nodal loads for the
whole structure can be assembled by adding the contributions
from all the elements. This yields the following matrices for37
a two element beam:
63L-63L0 0
3L 2L2 -3L L2 0 0
2E1-6 -3L 12 0 -63L
(5.28)
L33L L2 04L2 -3L L2
0 0 -6-3L6-3L
0 03LL2-3L 2L2
15622L54-13L0 0
22L4L213L -3L2 0 0
M=mL5413L312 0 54-13L
-13L -3L2 0 8L213L -3L2
(5.29)
420
0 0 5413L156-22L
0 0-13L -3L2 -22L 4L2
Due to the boundary conditions of the simply supported beam
the nodes 1 and 3 are constrained to rotational movements. No
translational displacements can take place,hence v1 =v3=0.
Therefore we can cancel the first and fifth column of the
nodal displacement vector q(t), and likewise the first and
fifth row and column of K and M:
q( t)=[ei v2 e2 63] 7, (5.30)
2L2 -3LL2 0
2E1-3L 12 03L
(5.31)
L3L2 04L2L2
03LL22L2..
4L213L-3L2 0
mL13L312 0-13L
(5.32)
420-3L2 0 8L2-3L2
0-13L-3L24L2.38
5.2.3 Natural Frequencies and Natural Modes
From the undamped equation of motion for free nodal
displacement, which is given by
Mtn + Kg = 0, (5.33)
we can derive the natural frequencies of the discretized
structure. Let the solution to (5.33) be of the form
gi(t)=41 sinwit, (5.34)
where (Pirepresents the normal mode shape for mode i. Then
equation (5.33) becomes
(K-w2iM)4i=0 .
For (01#0, solutions to equation (5.35) exist only if
I K-6)2iml=°.
(5.35)
(5.36)
From (5.36) we obtain the first four natural frequencies for
the two element beam (in brackets the errors compared to the
exact values): col=5.10291/s(error 0.40%),012=22.5661 1/s
(error 11%),(1)3=56.7218 1/s(error 24%) and (D4.103.4116 1/s
(error 27%). Now equation (5.35) can be solved for the natural
mode shapes corresponding to the natural frequencies, which
may be conveniently written in matrix form
43=[4)14)241(3 4)4]
1.071-1-9.1491
L 0 L 0
(5.37)
0 1 0 1
-1.071-19.149139
5.2.4 Normal Coordinates
The equation of motion we derived earlier and which is
given by (5.16),
M4 + Kg = p( t)+pb(t) (5.16)
isextremely difficultso analyze since its differential
equations are dependent on each other. We will introduce
normal coordinates that have the property to decouple the
equations of motion. In these coordinates each equationcan be
solved seperately. Let the solution to equation (5.16) be of
the form
g( t) =Oa ( t) (5.38)
wherecare the normal mode shapes given by (5.37) and a(t)
are the corresponding normal coordinates. Then equation (5.16)
becomes
mit ( t )+KID a ( t)+Pb(t) .
Premultiplying by V yields
IDTMOD ti (t) -1-0TKOcc ( t) =Corp( t) 1-41)Tpb( t).
(5.39)
(5.40)
Now, we can apply the following orthogonality relationships
4)7:114i=0
,i*j (5.41)
4K4i=0,i*j (5.42)
which diagonalize the mass and the stiffness matrices
m1000
0m200
Tmel,_ =M (5.43)
00m30
000m4where
40
2
Ca ml 0 0
0 4) 22m2 0 0 el TKO = =K (5.44)
0 0carn3 0
0 0 0 (A.1m41_
TmA
MI,andK,are called principal mass matrix and principal
stiffness matrix, respectively. Matrix K.may be written as
K=OM (5.45) PP'
where
Wi
2
000
0(400
Q= (5.46)
00(40
000(4
Therefore,equation (5.40) becomes
MpbG (t)+E1Mpa ( t) =4:1)Tp( t) +41)Tpb( t) =F( t) +Fb( t), (5.47)
where for the two-element beam a(t)is a four-dimensional
vector with components ai(t),i=1..4.Therefore,equation
(5.47) can finally be written as four decoupled second-order
ordinary differential equations, i.e.
where
midi ( t) +micaiai ( t) =Fi(t) ( t) ,i=1. .4,
TmA
Hii=4)./"Vi
(5.48)and
Fi(t)=4 )p( ,Fbi (t) =4);pb( t).
5.2.5 Damping
41
If we include viscous damping in the equation of motion,
equation (5.16) becomes
Mr ++ Kg = p( t)+ pb( t) , (5.49)
wherethedamping matrix Cisassumed to bealinear
combination of M and K, such that
C= aM +bK. (5.50)
Thisform ofthedamping matrixiscalled proportional
damping. By the same transformation as for the undampedsystem
we can diagonalize C and get
c = (TAG = amP+hic-P= (aI+bil) M. (5.51)
Including the damping term in the decoupled equations of
motion (5.48), we obtain
mibii (t)+2yi(4.)imid ( t)i+mico2iai(t) =Fi ( t) ( t)i=1-4(5.52)
where the modal damping ratio is defined as
Y 26)
a+bc.a.2i
(5.53)
The range of the damping ratio ylfor metal structures is
approximately 0.01 to 0.05,for concrete about 0.05-0.10.
Other values of y, can be found by using the extrapolation
Yin'i(cdc
,(0.5<c<0.7). (5.54)42
5.2.6 Cable Forces and Earthquake Motion
We now include the forces resulting from the suspension
cables and the earthquake excitation. Figure 16 shows the
discretized bridge model with the cable forcesvl and v2 and
the acceleration vg due to the earthquake.
vl
?L
L L
Figure 16: Forces applied to discretized model
x
Let us first consider the single beam element between nodes 1
and 2. The element is subjected to a cable force
A0
171(x, t) =-
E0
(x,t) sin48 , 3
(5.55)
where L the length of one finite element andu1 the shortening
of a cable. The equivalent nodal loads vectorcan be easily
found by applying equation(5.19)to this one-dimensional
problem, where b(t) =v1 and the displacement shape functions
given by(5.22), so that
P133t) = fLf 7(x)v1 (x, t) dx
o
(5.56) E,,Ar,
"sinct u(-2L 7t) 2L204 Lir.
3 10 ,[2727 27 27 j43
Similarly, we find the nodal loads vector for the beam element
between nodes 2 and 3. The cable force v2 is given by
v2 (x, t)
E0A0
u2 (x,t) sin,8 (x--1L,) /0
and equation (5.19) with b(t)=v2 yields
Pb2( t)f:f T (X)V2 (X,t) dx
E0A0 20 u( t) 4 7
/0 ,--L,
3 [2727L27
(5.57)
(5.58)
27
After assembly and normalization we obtain the equivalent
nodal loads vector
Fb( t) =-0:1)1A°sin4,
0
ul (IL,t)
2L
27
20
27
4L
27
0
+u2(1L,t)
0
20
27
4
27
L
2
27
(5.59)
which represents the cable force on the right side of equation
(5.52). The earthquake acceleration applied at node 3can be
treated in a similar manner and its corresponding nodal load
on the right side of the equation of motion (5.52) is
t) =0T mL
420
13L
312
0
-13L.
(5.60)Finally, the complete equation of motion is given by
( t) +21f1ca1miis (t)i+mico2jai ( t) =F./ ( t) +F"bi (t),1=1-4
44
(5.52)
with the excitation terms Fi(t)and Fbi(t)from (5.60)and
(5.59), respectively. These decoupled second-order systemsare
structurally identical to the equation of motion (2.25) for
the centralized model. Application of the proposed control law
is therefore straightforward.
Equation (5.52) can be written as
where
ai (t) +ciai(t)4-(0iai(t) t) t) (t),(5 53 )
ci=2yical,
°sink
2 20 4L0]T, [
27
L
27 27 18.1 -LO
T
10
00 20 c_,=-th,E Asin4[0
m1
4 2
27
L
27]
T
,
Di=-4)7/[13L 3120-13LF,
mi420
and un(t) and uri(t) the shortening/lengthening of the cables
at the left and right beam elements, respectively. Basedon
the derivation of the control law in chapter 3 the controller
for the model (5.53) can be found.where
For the left element we obtain
ull( t)
P.z(t) ,ifriot)!>c
1111.1(t)IP1
Pi(t)
Pi(t),otherwise
E
( t)=P12a11 t)+P2242i (3 L,t),
P1(t) t) .
The controller for the right element becomes
where
urj(t)
C,
( t)
Ili( tl
pi( 011 ,ifI pr( >E
( t)
pr( t),otherwise
pi( t)=/312ccr1 (-1L, t) +P22ari(4L,
pr( t) =collari t)14-/,11;, .
45
(5.54)
(5.55)
Figures 17 and 18 show the uncontrolled and controlled bridge
deck at midspan,respectively. Numerical values are P12=1,
P22=14.74, Ch=C,=-0.3589, c1 =0.2 and D1=0.0120. The vibrations
are reduced from about 0.80m to less than 0.06m at the middle
of the bridge. Figure 19 shows the deflections of the left and
the right bridge elements as a function of time and figure 2046
shows the actuator displacements created by the controller.
We haveshownan alternative approach usingfinite
elements to derive the equations of motion which describe the
dynamical behaviour of the bridge structure. This method is
particularly useful for complex problems, since it divides the
wholestructureintoasetofsubregionswithsimpler
geometries.47
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Figure17:Uncontrolled bridge using finite
elements (x=1/2)
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Figure18:Controlledbridgeusingfinite
elements (x=1/2)48
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Figure 19:left and right bridge element(above:
uncontrolled, below: controlled) with time
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Figure 20: Actuator displacements at left and
right bridge element
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6 Conclusion
We have shown in this thesis the feasibility of applying
robust nonlinear control techniques to suppress the vibrations
caused byasimulated vertical ground motion duetoan
earthquake on a model of a cable-stayed bridge. We provedboth
mathematically and through computer simulationsthat our
activenonlinearcontrolleriscapableofreducingthe
amplitude of the vibrations to an arbitrarily small size.This
in turn would enable the integrity of the bridgestructure to
be preserved during a severe event. We also showedthat our
control strategy is robust with respect to modelparameter
variations and to external disturbances, because it onlyuses
maximum parameter information to generate the requiredcontrol
forces. We furthermore showed the stability of thecontrol
system as well as good performance even if parts of the system
fail during operation. Also an alternative methodto derive
the control law using finite elements has been developedand
a decentralized control law based on this method has been
successfully designed.50
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